Abstract. Recently, Lincoln, Scedrov and Shankar showed that the multiplicative fragment of second order intuitionistic linear logic is undecidable, using an encoding of second order intuitionistic logic. Their argument applies to the multiplicative-additive fragment, but it does not work in the classical case, because second order classical logic is decidable. Here we show that the multiplicative-additive fragment of second order classical linear logic is also undecidable, using an encoding of two-counter machines originally due to Kanovich. The faithfulness of this encoding is proved by means of the phase semantics.
Encoding two-counter machines in LL
(j; p + 1; q) if (i) = (+; 1; j) (increment rst counter), (j; p ? 1; q) if (i) = (?; 1; j; k) and p > 0 (decrement rst counter), (k; p; q) if (i) = (?; 1; j; k) and p = 0 (test that rst counter is zero), (j; p; q + 1) if (i) = (+; 2; j) (increment second counter), (j; p; q ? 1) if (i) = (?; 2; j; k) and q > 0 (decrement second counter), (k; p; q) if (i) = (?; 2; j; k) and q = 0 (test that second counter is zero).
Since is only de ned for i 2 1; m], the machine stops when i = 0. We say that a con guration (i; p; q) is accepted by the machine if, starting from (i; p; q), it eventually stops on (0; 0; 0). Theorem 1. (Lambek L] , Minsky M] ) There is a deterministic two-counter machine for which the set of accepted con gurations is not recursive.
Using such a machine, we can show that both ILL and LL are undecidable. For this, we introduce atoms a; b; a 0 ; b 0 ; c 0 ; c 1 ; : : : ; c m and we write for the following multiset of formulae: (1) The con guration (i; p; q) is accepted by the machine; (2) The sequent ! ; c i ; a p ; b q`c 0 is provable in ILL; (3) The latter sequent is provable in LL.
Proof. First we show that (1) implies (2) 
Encoding two-counter machines in MALL2
Now we want to adapt the above encoding to MALL2. This means that we must recover the expressive power of exponentials by means of second order quanti cation. We may rst replace ! by & 1, so that we automatically get dereliction and weakening. We must add an explicit formula for contraction. Unfortunately, the formula (1) The con guration (i; p; q) is accepted by the machine; (2) The sequent 2 ; & 1; c i ; a p ; b q`c 0 is provable in IMALL2; (3) The latter sequent is provable in MALL2.
To prove that (1) implies (2), we proceed exactly as in Theorem 2, using the fact that the following rules are derivable in IMALL2: This is a soundness result, which is easily proved by induction on proofs. In fact, there is also a completeness result: If a formula is satis ed by all phase spaces for all interpretations of the atoms, then it is provable in classical linear logic, at least in the propositional case. For second order linear logic, a more general notion of model is needed, but it does not matter, since we shall only need the soundness result. An easy consequence of Theorem 4 is that A 1 A n B whenever A 1 ; : : : ; A n`B is provable in classical linear logic. This holds more generally whenever ?; A 1 ; : : : ; A n`B is provable and M satis es all the formulas of ?.
Lemma. If all elements of M (respectively of 1) are idempotent, then M satis es ' (respectively ). where I is the set of idempotents of 1 G2]. This I is not a fact in general, but in our model I = f1g = 1, so that !X = X & 1 for any fact X. This remark explains the choice of for encoding contraction.
After this paper has been submitted for publication, it has been proved that MLL2 is also undecidable LS]. The encoding is more complicated, but the ideas are similar. 
